We investigate entanglement naturally present in the 1D topologically ordered phase protected with the on-site symmetry group of an octahedron as a potential resource for teleportation-based quantum computation. We show that, as long as certain characteristic lengths are finite, all its ground states have the capability to implement any one-qubit gate operation perfectly as a key computational building block. This feature is intrinsic to the entire phase, in that perfect gate fidelity coincides with perfect string order parameters under a state-insensitive renormalization procedure. Our approach may pave the way toward a novel program to classify quantum many-body systems based on their operational use for quantum information processing.
I. INTRODUCTION
Entanglement is ubiquitous in quantum many-body systems, and its complexity has drawn attention from interdisciplinary research fields, such as condensed-matter physics [1] [2] [3] [4] , quantum information processing (QIP) [5] [6] [7] , and quantum simulation of quantum many-body systems [8] [9] [10] [11] [12] . A primary example is exotic ground states of topologically ordered phases [13] [14] [15] , which arise from underlying nonlocal entanglement. It is widely known that braiding their excitations, known as anyons, could be used for topological quantum computation [16] , and their intrinsic insensitivity against local noise could be used for quantum error correction [16, 17] . Many-body entanglement can be harnessed in a more direct way, and certain many-body states like 2D cluster states [18] and certain tensor network states [19] [20] [21] [22] [23] [24] [25] are quantum resources for measurement-based (or teleportation-based) quantum computation, in that universal quantum computation can be implemented on these states using only single-spin measurements.
Having in hand a long list of many-body entanglement useful for QIP, however, one may wonder "Is such computational usefulness robust in the same way that collective phenomena of quantum many-body systems do not depend on their microscopic details?" Phrased differently, "Can we define quantum phases useful for certain QIP tasks in the same way we define phase diagrams in condensed matter physics, which are typically characterized by order parameters?" There have been several attempts [26] [27] [28] [29] [30] [31] [32] [33] [34] to answer this affirmatively, but they unfortunately, with a few exceptions [30] , were largely based on a limited class of states, using rather artificial Hamiltonians from a condensed matter physics perspective.
Here we tackle this challenge using the 1D counterpart of topologically ordered phases as a key building block for measurement-based quantum computation, tak- * jmilla@unm.edu † amiyake@unm.edu ing advantage of recent characterizations of symmetry protected topologically ordered (SPTO) phases [35] [36] [37] [38] . By inventing a physically-feasible renormalization procedure which extracts the robust, macroscopic features common among ground states within a phase, we prove that all the ground states in the 1D SPTO phase corresponding to octahedral on-site symmetry can be used to implement any one-qubit operations perfectly, as long as certain conditions on characteristic length scales are met. The leverage of a discrete symmetry is somehow reminiscent of magic states and their distillation [39] in the context of fault-tolerant, universal quantum computation. Furthermore, we show that the gate fidelity, which is a typical measure of resource quality in QIP, can be interpreted as an "operationally-motivated" order parameter of the phase, because it detects critical points of the phase in the same way as the conventional string order parameter widely used in condensed matter physics. As a whole, our results constitute the first solid evidence for quantum computationally useful phases of matter. In the following, an overview of the background information is given in Sec. 2. Our main results are presented in Sec. 3, followed in Sec. 4 by an illustration of these results using a toy model.
II. BACKGROUND INFORMATION
A. Matrix product states and 1D symmetry-protected topological orders
The matrix product state (MPS) formalism [7, 40, 41] is an efficient means of describing the correlations in onedimensional spin chains using a collection of matrices. An MPS description is given by associating a matrix, A i , to every vector |i of a single-spin basis {|i } d i=1 . The amplitude associated with a basis vector |i 1 i 2 . . . i n is then given by
The Hilbert spaces of interest here are the physical space of a single spin and the virtual space which the A i act on. We can treat these spaces in a unified manner by defining a three-index MPS tensor, A, as
We refer to the operators A i as the component operators of A. The correlation length of our MPS is denoted by ξ, and our MPS is said to be short-range correlated if ξ is finite. Given a single-spin representation u G of a symmetry group G, our MPS state is invariant under G if our MPS tensor satisfies [42, 43] 
In the above, U G is allowed to be a projective representation, with U g U h = e iθ gh U gh . It is shown in Refs. [36, 37] that G-invariant MPS's separate into distinct symmetry protected topological ordered (SPTO) phases, the collection of which is determined solely by the projective coefficients e iθ gh . Any transition between SPTO phases, a quantum phase transition, must be accompanied by either the introduction of long-range correlations or the breaking of on-site symmetry. This makes SPTO phase a robust property of many-body systems, since any local noise process that respects G can't change a MPS's SPTO phase.
The group of π-rotations around the x, y, and z axes, D 2 Z 2 × Z 2 , defines two quantum phases, the trivial phase and the D 2 SPTO phase. The archetypical D 2 SPTO phase MPS is the Affleck-Kennedy-Lieb-Tasaki (AKLT) state [44] , given by
The physical space is spin-1 and the virtual space is spin- 
µ the spin-1 angular momentum operators. We refer to this spin-1 basis as the Pauli basis.
On the other hand, measurement-based quantum computation (MQC) [5, 6] is a convenient setting for quantum computation where the quantum nature of computation is well attributed to the entanglement of an initial resource state. Through a sequence of (possibly adaptive) single-spin measurements, an MQC protocol implements a quantum algorithm, using only pre-existing entanglement within the resource state. In this paper, we focus our attention on one-dimensional resource states, which are an essential building block for constructing universal resource states for quantum computation.
As an illustration, we examine an MQC protocol utilizing the AKLT state [45] . If we measure a spin in our AKLT chain and obtain an outcome |ψ k = 3 µ=1 ψ k,µ |µ , then this results in a virtual operator
If we wish to implement a rotation by Θ around the zaxis of the AKLT virtual space, a measurement outcome of |ψ z,Θ = cos
is indeed what we wanted, up to the σ x term. This additional term is referred to as a byproduct operator, and can be dealt with as long as we maintain a record of the operator (See [6] for details).
B. Motivations of our work
The above protocol characterizes one point within the D 2 SPTO phase, namely the AKLT state, as a resource state capable of generating arbitrary one-qubit operations. While this result is useful for quantum computation, one might naturally ask whether such a characterization of resource quality can be extended to the rest of the D 2 SPTO phase. To this end, we define a stateinsensitive MQC protocol as one that can be applied to any of a prescribed collection of resource states and is guaranteed to generate an identical computation on all of them.
An initiative along this direction was taken in [30] , where all ground states of the 1D SO 3 -invariant Haldane phase (or the so-called bilinear-biquadratic Hamiltonians) were studied using DMRG calculations. The perfect resource quality of these states for arbitrary singlequbit operations was demonstrated heuristically using a renormalization argument which maps any ground state towards the fiducial AKLT state. Later, Else et. al. [46] developed an algebraic characterization of the D 2 SPTO phase, which includes the SO 3 -invariant Haldane phase, showing that any state within this phase can be used to implement a state-insensitive qubit teleportation operation. They obtain this result by showing that [47] for any spin-1 MPS within the D 2 SPTO phase, the component matrices associated with that state's MPS can be decomposed as
The Hilbert spaces on the left and right side of the tensor product in Eq. (7) are called the protected space and the junk space, respectively. While the size of the junk space and the particulars of the junk operators, a µ , vary from state to state, the structure of the protected space is common everywhere throughout the D 2 SPTO phase. Thus, if we measure our resource state in the Pauli basis, we will always end up applying a Pauli operator to the protected space, which is equivalent to teleporting the state of the protected space. In retrospect, this feature was first observed for certain ground states of the D 2 SPTO phase, like in the spin-1 XXZ Heisenberg model, as its so-called localizable entanglement diverges, and can thus be used to implement the identity channel [48, 49] . However, a simple argument given by Else et. al. [46] suggests that the resource characterization of the D 2 SPTO phase is limited to the identity channel (namely teleportation). If we perform some non-Pauli measurement, such as that in Eq. (6), we end up applying the operation
Because of the variation of the junk space operators throughout the D 2 SPTO phase, this operation generally won't have a well-defined effect on the protected space, and thus doesn't implement a state-insensitive unitary rotation within the D 2 SPTO phase.
III. MAIN RESULTS
Now we focus on MPS's invariant under on-site octahedral symmetry. This group can be generated by π 2 -rotations around the x and z axes of the octahedron, and is actually isomorphic to the symmetric group of degree 4, S 4 . Since the π-rotations in S 4 generate the group D 2 , any state with S 4 symmetry also has D 2 symmetry. It can be shown that the classification of SPTO phases for on-site S 4 symmetry is identical to the case of D 2 , with there only being two distinct phases. Consequently, any MPS in the S 4 SPTO phase is automatically in the D 2 SPTO phase. This makes the decomposition of Eq. (7) applicable also to states in the S 4 SPTO phase, but the larger symmetry of S 4 imposes finer constraints on MPS's in the S 4 SPTO phase. We emphasize that our abstract characterization of SPTO phases is useful for making general statements, like the following two theorems, without specifying a system Hamiltonian or other microscopic details (although one could define a formal, local Hamiltonian for every MPS).
We study this S 4 SPTO phase by means of an operational "renormalization" protocol called z-buffering, which extracts macroscopic features common among ground states within the phase. As is the case for gapped phases, there is a characteristic length scale, called the z-correlation length ζ z , which governs this RG flow for each state. As long as ζ z is finite, then this RG flow generally terminates on a fixed point, which can be used to implement non-Pauli operations. The exception to this rule is for certain pathological states, where the act of z-buffering causes the state to become long-range correlated, in that the renormalized correlation lengthξ becomes infinite. This resource characterization is summarized in the following Theorem: Theorem 1. Consider any ground state of the 1D S 4 symmetry-protected topological ordered phase, which is characterized by a certain z-correlation length ζ z and a renormalized correlation lengthξ. As long as ζ z andξ are both finite, the intrinsic entanglement of this state enables us to implement all one-qubit unitary operations under the setting of measurement-based quantum computation with arbitrarily high gate fidelity.
As shown in Figure 1 , our buffering protocol consists of sequential single-spin measurements, with postselection for a desired measurement outcome which depends on the type of rotation we are implementing. We first select a site, the computational site, which will eventually be measured in a non-Pauli basis to generate the desired unitary rotation. Pauli measurements are then performed on the m sites on each side of this site. If we want to implement a z-axis rotation using the computational site, we postselect for the all-|z outcome on these 2m buffering sites, which is called z-buffering. Similarly for x-axis rotations, x-buffering is utilized by postselecting the all-|x outcome. The combination of z and x-axis rotations are all we need, since any single-qubit unitary gate can be constructed from them using Euler angles. Note that, in either case, if our desired outcome isn't obtained, we just measure the computational site in the Pauli basis and repeat this process on the next part of our spin chain, the state of our protected space simply being The z-correlation length and the renormalized correlation length, ζz andξ, shown for the same set of parameters as in (a) and (b), respectively. While both diverge at the poles of our parameter space, where our toy model is long-range correlated, the divergence of ζz at ϕ = π 2 is more surprising, and leads to a transition in the resource quality of our state there, as seen in (a).
teleported by this undesired measurement outcome. The probability of postselection is accounted for as overhead in the chain length, but this does not qualitatively change the resource quality (and its complexity), as long as it is finite.
The fact that this protocol, when the desired outcome is obtained, enables the behavior described in Theorem 1 is proven in Appendix A. The main idea behind our proof is that our MPS resource state, by virtue of being in the D 2 SPTO phase, will have SPTO degeneracy in the protected space portion of the virtual space, but generally not in the junk space portion. When we postselect for a repeated |z outcome, we maintain this protected space degeneracy, but effectively depolarize the junk space and erase the distinguishabililty of states within. After enough buffering, the junk space is sufficiently restricted to a one-dimensional subspace, corresponding to the largest eigenvalue, so that our renormalized system can be treated effectively like the AKLT state. The length scale over which this happens, ζ z , is set by the ratio of the largest to the second largest eigenvalue of a z . When these eigenvalues become degenerate, corresponding to a divergence in ζ z , z-buffering is unable to completely restrict the junk space, and our RG flow stalls before reaching an AKLT-like state.
Theorem 1 says that the ground states of the S 4 SPTO phase generally share a common computational capability to implement perfect one-qubit gate operations. Since such capability is conveniently characterized in QIP by a measure called the gate fidelity, one could ask conversely "Could the gate fidelity be utilized as an alternative, operationally-motivated order parameter for quantum phases of matter?" Our second theorem below, proven in Appendix B, states a surprising correspondence between the gate fidelity and (a kind of) so-called string order parameter [50] , within the S 4 SPTO phase. Note that our order parametersÕ
D4 are specializations of the string order parameters R ∞ (u) from [42] to the case of π 2 -rotations about the x-and z-axes, u rx and u rz . In [42] , these string order parameters are argued to be capable of detecting the presence of quantum phase transitions between different SPTO phases. Our order parameters are given by:
The state |ψ µ is the state of our many-body MPS after it has been mapped to the RG fixed point under µ-buffering, where µ is either x or z. While our bare spin chain possesses full S 4 symmetry, the process of renormalization breaks symmetry by picking out a preferred direction (the x or z-axis). Consequently, the symmetry group of |ψ µ is reduced to D
4 , which consists of the 8 rotations within S 4 that preserve this preferred axis.
IV. ILLUSTRATION OF OUR RESULTS
To demonstrate Theorems 1 and 2, we study the behavior of MPS's in the S 4 SPTO phase with a twodimensional junk space. We have developed a general formalism based on representation theory [51] , and can show that spin-1 MPS's of this form make up a two-parameter family that is isomorphic to a sphere. Choosing variables θ and ϕ, with 0 ≤ θ < π and 0 ≤ ϕ < 2π, gives a unique parameterization of this family of MPS's. Because S 4 symmetry includes D 2 symmetry, these MPS's have well-defined protected and junk spaces, with component matrices A µ (θ, ϕ) = σ µ ⊗ a µ (θ, ϕ), and
(10) The Pauli-type operators n µ · σ form a triad defined by
A numerical calculation of the gate fidelity, order parameter, and relevant length scales of states throughout the parameter space is shown in Figure 2 . We can see that the RG flow induced by z-buffering improves the gate fidelity of a π 2 -rotation, an illustration by the "most non-Pauli" z-axis rotation, almost everywhere in our toy model. The points at which the gate fidelity is not improved are precisely those with divergent ζ z , in agreement with Theorem 1. Furthermore, we see remarkable similarity between the plots showing gate fidelity and those showingÕ (z) D4 in Figure 2 , both of which improve as the degree of z-buffering is increased. After sufficient renormalization (i.e., at m = ∞), the gate fidelity achieves its maximum value precisely whenÕ
There are a few singular states in our parameter space with regard to their behavior under renormalization. As shown in Figure 2 , the region with ϕ = ±π and any θ, as well as the "poles" of our parameter space with θ = 0, π, have divergent ζ z . This can be understood by noticing that a z is unitary at these points, so that z-buffering just acts as a change of basis on the junk space. Interestingly, the original correlation length ξ, which is not plotted here, does not diverge at ϕ = ±π, so that this is a new kind of singular state only detected by our operationally motivated classification of quantum many-body states. In contrast, states at the poles (θ = 0, π) are simply not within the S 4 SPTO phase, because the original MPS's are long-range correlated, having a divergent ξ and thus a divergentξ. There is another singular state at (θ, ϕ) = (2 arctan(2), 0), whose pathological behavior is discussed in Appendix C.
V. CONCLUSION
In summary, we proved two theorems to demonstrate the intrinsic, quantum computational usefulness of the 1D S 4 SPTO phase as a "universal" quantum channel. We think that our physically feasible renormalization procedure, called z-buffering, is interesting on its own, because our state-insensitive protocol indicates that it is possible to harness such intrinsic capability of the phase without knowledge of microscopic details, at least as long as the states are guaranteed to be in the phase. As an outlook, since it is plausible that resource states for universal computation should generally possess such universal-channel capability in two or higher dimensions, our work is expected to serve as a stepping stone in the search for universal resource states in naturally-occurring quantum many-body systems. Looking at the emergence of several relevant scales like ζ z andξ, we also envision that our approach may lead to a research frontier to characterize and classify quantum many-body states in a finer manner than conventional phase classifications, in terms of their operational use as resources for QIP.
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In this section, we give a proof of Theorem 1. First, we mention that any MPS tensor can be put in a special canonical form [41] , in which its component matrices satisfy the following relations:
where I is the identity operator, and Λ is a strictly positive operator satisfying tr(Λ) = 1. Viewing Eqs. (A1) and (A2) as setting the largest eigenvalue of E I , the correlation length, ξ, of our state is determined by the magnitude of the second largest eigenvalue. If I and Λ are the only operators with eigenvalues of unit modulus, our MPS tensor is short-range correlated. With this in mind, the mathematical translation of the relevant terms in Theorem 1 for the case of z-rotations are Finite ζ z : ζ z is defined in terms of the ratio of the largest and second largest eigenvalues of a z , λ 1 and λ 2 respectively, as ζ z = − log λ2 λ1
. Thus, we must
Finiteξ:ξ is defined in terms of the ratio of the largest and second largest eigenvalues ofẼ I , whereẼ I is the quantum channel in Eq. (A1), but with the matrices A i replaced by their renormalized counterparts A i . We specify the action of the RG flow on the component matrices in Eq. (A3), and show how this condition is needed near the end of our proof.
Gate Fidelity: The gate fidelity is defined in terms of the actual virtual space operation D that we apply through measuring a buffered computational site as
, which consists of our desired protected space unitary rotation U (P ) Θ = exp(−i Θ 2 σ z ) and a junk space projection onto the RG limit subspace Π (J) (see Appendix B for a more complete definition of this projector). The choice of the pure input state ρ is not particularly relevant for evaluation of our gate fidelity. In practice, our condition for perfect gate fidelity is manifested as a x =ã y , with theã µ defined in Eq. (A3).
We will show that, given finite ζ z , our renormalized component matrices always tend towards the formÃ µ = (α µ σ µ ) ⊗ |χ χ |, for some scalar α µ and junk space vectors |χ and |χ . This renormalized MPS is equivalent to an MPS with a trivial junk space, and if we wish to perform a z-axis rotation, proving that α x = α y shows that our rotation can be implemented with perfect gate fidelity. The measurement that implements this rotation is the same as for the AKLT state.
Let's examine the action of z-buffering on our MPS component operators. In z-buffering, we postselect for obtaining the all-|z outcome for m sites on both sides of our computational site. The effect of this is to modify the MPS component operators of the computational site as follows:
Since A z = σ z ⊗ a z always has a trivial effect on the protected space, the interesting part of our proof involves looking at the iterated term a m z . If a z is a normal operator ([a z , a † z ] = 0), then it can be diagonalized by expressing it in its eigenbasis. If a z is non-normal, then we can block diagonalize it by writing it in its Jordan canonical form. In this latter case,
where a
Here, the index k parameterizes the p different Jordan blocks in the decomposition, each of which has dimension D k . I D k is the projector onto the k'th Jordan block and Q D k is the operator whose matrix form has 1's immediately above the diagonal and 0's everywhere else. We assume that we have ordered the Jordan blocks by eigenvalue size, such that |λ 1 | ≥ |λ 2 | ≥ . . . ≥ |λ p |. The form of Eq. (A4) includes the normal a z case as well (every Jordan block one-dimensional), so we only need to prove the efficacy of z-buffering for a z non-normal.
Given this form, a m z is:
where
If ζ z is finite, then λ 1 is the unique largest eigenvalue, meaning that the weight attached to each polynomial P Taking the limit within this block while rescaling for postselection is somewhat subtle, but for our purposes we only need to mention that in the large m limit, the dominant operator in P (m) 1 is χ χ , with χ the topmost basis vector in the matrix representation of a (1) z , and χ the bottommost basis vector.
Plugging this information into Eq. (A3), we find that the m → ∞ limit of our renormalized junk space operators are of the form
with α µ = χ a µ χ . Proving the equality of α x and α y will show that the RG limit of our gate fidelity is unity.
We proceed by first noting that on the physical space, for a π 2 -rotation u rz about the z-axis, u rz |z = |z . This in turn implies, via Eq. (3), that [U rz , A z ] = 0 on the virtual space. Representation theory can be used to show [51] that this virtual symmetry operator decomposes along the protected-junk division as U rz = U 
This nearly proves the perfect gate fidelity of z-axis rotations under z-buffering, and an exactly analogous argument (which is equally valid, by S 4 symmetry) nearly proves the same for x-axis rotations and x-buffering. The only exceptional case that needs to be excluded is when α x = α y = 0. In this case, while Eq. (A7) still holds, the limit form ofÃ x andÃ y ends up not being described by Eq. (A6). This is related to the essential role of postselection in our protocol, and is explained with a concrete example in Appendix C. However, for such a system, we note that the renormalized identity-derived operator tends exponentially fast towardsẼ I =Ã z Ã † z . This quantum operation has degeneracy within the protected space, and thus corresponds to a state that is not shortrange correlated. Since this contradicts our requirement of finiteξ, we must have α x and α y non-zero at the RG fixed point. This completes our proof of Theorem 1.
Appendix B: Proof of Theorem 2
To prove Theorem 2, we first have to give a definition ofÕ
D4 that is more amenable to computation than that given in Eq. (9) . To this end, we define the channel E ur µ as the contraction of both indices of the physical symmetry u rµ with MPS tensors. Mathematically,
u rµ ν,η A η A † ν . Using Eq. (3), we find that E ur µ is definable in terms of E I as
Now, using the standard method for calculating expectation values of tensor products of single-site operators on an MPS, we have that the string order parameters evaluated on the bare state are given by
(E W ) n here means the n-fold iterated operation of the quantum channel E W (W representing either u rµ or I), and Λ denotes the left limit edge mode of our MPS, defined implicitly in Eq. (A2). The value ofÕ (µ) D4 , the renormalized string order parameters, are given by the same expression as in Eq. (B2), but withẼ I in place of E I .
The action of z-buffering on the virtual space is described in Appendix A. For our purposes here, we only add that the rescaling in the normalization of our state that is required by postselection can be compactly expressed as the requirement that the spectral radius ofẼ I is 1. The results of [41] , together with the assumption that our renormalized MPS tensor is short-range correlated (finiteξ), then tell us that we can pick a basis for our junk space which puts our renormalized MPS tensor in canonical form. In this form, our channelẼ I satisfies the following conditions:
where Π z is a projector onto the section of our junk space with non-vanishing support at the RG fixed point, andΛ is a strictly positive operator of unit trace, whose support is exactly Π z .
Our proof of Theorem 2 consists of looking at the value ofÕ (z) D4 and inferring something about the junk space portion of the renormalized MPS component operators A x andÃ y . In particular, we first show that ifÕ
, thenã x =ã y . In this case, a z-axis rotation implemented using the z-buffered MPS will have perfect gate fidelity. We then show that ifÕ
, thenã x =ã y . This causes the gate fidelity of our attempted z-axis rotation to be less than unity at the RG limit. Proving both of these implications under the assumption of finiteξ suffices to prove Theorem 2.
For the first direction of the proof, we note that finitẽ ξ means that I P ⊗Π z and I P ⊗Λ are the only fixed points of Eqs. (B3) and (B4). This, together with the results of [52] , tells us that (Ẽ I ) n has the limit form
We now insert the form of Eq. (B5) into (the renormal- D4 only depends on the behavior of the junk space.
To figure out this value, we first defineŨ rz to be the restriction of U -rotation about the z-axis, for resource states along a North-to-South traversal of our parameter space (θ variable, ϕ = 0). While the renormalized gate fidelity tends toward unity most everywhere, it is zero at the South pole and at θc = 2 arctan (2) everywhere except at the South pole and, more surprisingly, at θc. This unintuitive behavior can be explained by the divergence ofξ. (c) The length scales ζz andξ for the same parameters. Both quantities diverge at the poles, but the divergence ofξ at θc leads to the unexpected behavior seen in (a) and (b).
and the same forã y . Since additionally, [Π ± z ,ã z ] = 0 always, these facts together tell us thatẼ I has two independent fixed points, I P ⊗ Π + z and I P ⊗ Π − z . But this contradicts the assumption of finiteξ, and thus cannot be the case for our system. Thus, we must haveã x =ã y , which completes the second desired implication, and thus finishes our proof of Theorem 2.
surprising, it is explained by the fact that the channelẼ I isÃ z Ã † z at this point. Thus, even though the junk space of our system is restricted to a one-dimensional subspace here, the protected space portion ofẼ I becomes degenerate at the RG fixed point. Consequently, the limit form ofÕ 
This completes our examination of the behavior of the (θ, ϕ) = (θ c , 0) point in our parameter space. Our intent in this, besides simply giving a complete account of our toy model, is to demonstrate that states with divergentξ have rather pathological behavior that make them unfit for use in our protocol. Thus, even without a concrete physical interpretation for this quantity, the stipulation of finiteξ is clearly necessary in both of our theorems.
